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Abstr8ct-A mi;\ed method of elastodynamics. termed the state space approach. is presented for
analyzing the dynamic response of composite plates. The method is based on the principle of
reducing the governing three-dimensional equations to a set of two-dimensional equations while
keeping the field equations in their e;\act form. Natural frequencies ofvibration for thick orthotropic
laminae with varying angles of inclination of the orthotropic alles are presented for two distinctly
different materials and for large values of thickness. Comparisons with the ellact solution of the
three-dimensional equations of elasticity establish the effectivenes.~ of the present approach for the
class of problems considered. The numerical results from the present theory with a limited number
of terms considered in the mathematic-oil ellpansion in the thickn\.'Ss coordinate are secn to be in
e:\I.:ellcnt agreement with the e;\act results even for very thick plates.

INTRODUCTION

The line<trcl<tstodymlmic bch<tvior ofl<tyercd <tnd composite pl<ttes h.1S reccived consider<tble
<tttention with the introduction of v<trious approxim<tte methods for solution in order to
circumvent the complexity of <tn ex<tct solution. With the earliest group of literature per
taining to the general plate analysis. known as c1assic<t1 pl<tte theory. Reissner and Stavsky
(1961) h<tve shown that. with the well-known Kirchhoffassumptions. there exists a bcnding
stretching coupling which remains in spite of linearizing the governing plate equations. In
l<tminated plates. it was also established (Whitney and Leissa. 1969) that the hcnding
stretching coupling increased the statie deflections and reduced the fundamental frequencies.
The results of classical plate theory become questionable for thick plates or when the layer
properties ditTer appreciably. Also. since the transverse shear deformations are neglected,
all the elastic constants of orthotropy arc not taken into account.

In a different class of problems. several authors, including Yang el al. (1966) and
Pagano (1978). have extended Mindlin's theory to composites and layered plates by means
of appropriate shear correction factors to account for transverse shear deformations. The
complexity of theories from such extensions. where displacements are approximated by
higher order expansions in terms of thickness coordinate. often offsets the accuracy. With
reference to layered plates. continuity of tractions at the interfaces between the layers is not
satisfied. Also, the governing differential equations of three-dimensional elasticity are not
exactly satisfied. Further. as shown by Pagano (1978), the edge boundary conditions in
these methods are generally less in number than required by the order of the associated
differential equations. It can be safely said that these theories nre npplicable to composites
where the magnitudes of the material properties, especially the shear moduli, are of the
same order.

The solution of the exact three-dimensional equations of elasticity has also been
attempted (Jones. 1970. 1971; Srinivas el 01., 1970) for composite plates with rectangular
planform as well as for plates with one infinitely long dimension. However, the algebra
involved in three-dimensional solutions becomes too complex to be practical. Even under
plane strain conditions. the exact solution becomes very complicated with the introduction
of more layers in the laminate. Thus there is a necessity of developing an approach for
generally anisotropic laminated plates which could result in an accuracy as substantiated
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by the more exact methods, yet at the same time retain the simplicity and efficiency especially
when a large number of layers is being considered. The state space approach developed in
this paper fills this need. The attractive features of the approach are that it does not involve
any formal approximations in the three-dimensional equations of elastodynamics and
the interlayer traction and displacement continuities are satisfied exactly. The boundary
conditions at the lateral edges and surfaces can be prescribed either in terms of stresses or
in terms ofdisplacements or a combination of both. The approach. as formulated by Vlasov
and Leontev (1966). is basically a mixed method of formulation in which both stresses
and displacements are unknowns. These stresses and displacements are written in terms of
their values at a chosen reference plane. The unknown initial functions at the reference
plane are determined by invoking appropriate boundary conditions at another plane where
some of the field variables are prescribed or zero. The resulting differential equations are
independent of the derivatives with respect to one ofthe spatial coordinates thereby reducing
the dimensionality of the problem by one. Chandrashekara (1982) and Hanagud et al.
(1983) have successfully applied the method to study the traveling waves in layered media.
The free vibration in cross-ply and angle-ply laminates has also been studied by Chan
drashekara and Santhosh (1990) and Chandrashekara and Chander (1989). In these studies.
good correlation has been found with the exact solutions of three-dimensional equations
of elasticity. Recently. Faraj i and Archer (1985. 1989) have applied the method of initial
functions to the static problem of thick isotropic and transversely isotropic shells. Taylor
series expansions are assumed for the field variables and approximate theories of various
orders are obtained by considering a limited number of terms in the series. State space
equations h<lve been used by Ji<lrang <lnd Jianqiao (1990) to solve the axisymmetric free
vibration problems of transversely isotropic circular plates. Their solutions have been
f<lvorably compared with thuse due to the approxim<lte theories of Reissner and Mindlin.

The state space approach h<lS been cxtended in this present p<lper to study the free
vibmtion response of thick angle-ply bmin<le ,lIld the specific results arc compared with
those from the eX<lct solution presented by Jones (1971). The plate is assumed to be infinitely
long in one dimension <lnd simply supported at the lateral edges. The problem is still a
three-dimensional one because of the consider<ltion of all field variables by virtue of the
nonzero clastic constants of orthotropy such <lS (' lb. ('~b' ('4~ etc. However. the field variables
are independent of the coordinate in the direction of infinite length. The dliciency of the
method is demonstrated for various orientations of the fiber in the lamina as well as for the
cases of laminae with similar and very dissimilar material properties in the directions of
orthotropy. Also, a wide mnge of thicknesses is considered to study the elliciency of the
present approach for a broad range of problems in composite dynamics. Another important
feature of the present solution is that the numerical calculations are conveniently carried
out on a personal computer.

APPROACH

The basic idea of state space approach is to write a vector {q} of a set of dependent
field variables in terms of a corresponding vector {qo} at a reference or initial plane as

(I)

The state vector {q} at any location: and the initial vector {qo} are related through
the transfer matrix [L). In elastodynamic problems. the state vector consists of stresses and
displacements. In the above equation: refers to the thickness coordinate as shown in Fig.
I and satisfies the condition 0 ~ : ~ HJ2, where H is the total thickness of the lamina. In
the present case, the initial plane (i.e .• ;: = 0) is chosen to be the top surface of the lamina
where the stresses U:. f.T: and fl": are known to be zero. In other words. the elements of the
initial vector {qo} are 110. L'o and woo The other reference plane is now chosen to be the
middle surface of the lamina where some field variables are known to be zero depending
on the symmetric or the antisymmetric case being considered. Thus three equations result
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Fig. I. Coordinate ues and geometry of the lamina.
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for the three unknown initial functions which can be solved numerically to obtain the
frequencies.

Fie/cl equClt ions
In order to be consistent with the formulation of the exact solution (Jones, 1971), the

field equations arc written for the case of a lamina with simple supports on edges x == 0
and x = L (Fig. I) and of infinite length in the y-direction. The angle-ply lamina still gives
rise to the displacement l' in the )'-direction , but the field variables arc independent of the
y-coordinate. The small displacement kinematic relations are then written as

I;, = vult)x

e: = iJwliJ=

e..: = iJL'liJ=

e,: = owliJx+ou/iJ=

and the stress displacement relations with respect to the lamina axes are

(f, == ('II Du/iJ,!(+cIJ iJW/D=+CI6 DL'/iJX

(f,. =('12 iJU/iJX+CH DW/iJ=+C26 OLl/iJX

(f: = Cil £'u/iJX+CJJ iJwlt)=+CJ6 cl'IDx

r,.: = CH VL'/D=+C4S(i)wliJx+C:ll/D=)

r.,: = css(i)wlc7x+(!1l/iJ=)+C4S h·/D=

r v = CI6 eu/0"'+c.16 oW/iJ=+C66 eL,/(lx.

(2)

(3)

It should be noted that the shear stresses r ..: and r <I' are not zero because of the angular
orientation of the fiber. In eqn (3), Cif (i,j '= 1.2, ... ,6) refer to the orthotropic material
constants with respect to the lamina axes that are transformed from those with respect to
the principal axes of orthotropy (C,) by an angular rotation. Finally, the equations of
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motion are written as
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C(1tICX +Crt;,'C: = P C~U/Cl~

c-r:...:lc: + 2r t \.cx = p C~L'ICl~

c(1:/2: +Cr t:!cx = P c~wlcl~ (4)

where p is the density of the material.
For the purpose of analysis. the plate behavior is split up into symmetric and anti

symmetric parts which yield flexural and extensional modes of vibration. Considering the
middle plane of the plate as the reference plane (Fig. I). the mid-plane conditions for the
symmetric case are written as

: = H/2. w = r t: = r ...: = O.

For the antisymmetric case. they are

: = H12. U = l' = (1: = o.

The surface conditions at the top or the bottom of the plate are

(5a)

(5b)

(5c)

The remmmng boundary conditions for the problem have to be prescribed at the
longitudinal edges represented by x = 0 and x = L.

Stale .~pClce ,'qualions
The state vector of interest in the general problem can be split into two subvectors for

mathematical convenience as follows:

(6)

where the symbol L J denotes a row vector. By a mathematical manipulation of field
equations (2). (3) and (4). the following transfer matrix relations can be written for the two
vectors {q.} and {qz} :

o{q.}lo: = [A (x. I)]{qz}

o{qz}/o: = [B(x. I)] (q.}

where [A(X,l)] and [8(x. I)] are given by

C44 -C41

d l d l

-Of

[A] = -CH CH
0

"I "I
-Of 0 pe

(7)

[

p~~ - {CII - (CUC)J)}Of~

[B] = -{CI6-(CnCJ6IcJ)}(X2

-(cIJlc)))(X

- {C16 - (£'1 JC)6IcJJ)}Of2

pe - {C66 - (d6IcJJ) }Of~

- (cJ6/cJJ)(X

- (CI )/CJ)Of]
- (C)6/CJ)(X

lie))

In these equations and in what follows, the following notations are used:
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The solution of eqn (7) is sought in tenns of a Maclaurin series in the ;:-direction for
the state variables. These are written, for example, for displacement u, as

..n oc (0"u)o
u(x, z, t) = Uo +:' L ~..n •n.

i
_

O
(J..

(8)

The superscript "0" in the above equation refers to the surface;: = 0 for the layer i, and
UO = uo(.\". t). Thus the initial vector to be detennined is a function of only one spatial
coordinate and time. By using eqn (7) successively, it is possible to write the higher order
derivatives of vectors {q.} and {qz} with respect to z. The series expansions for the field
variables as indicated in eqn (8) can be written as

u Luu Lin' Lu: Lu.< Luy Lu•· u

V L,·u Lrt• L.: L•.• L... L•.•. l'

(1:
at any;: = L:u L:r L:: L:.• L:.f L:•. (1:

at;: = O. (9)
t.: L.u Lt!. L..: LoU L..... L.•", t .:

tv: LfU L"" Lv: L,..• LrY L...... t.f :

w L.... L•.v L..: L",.• L.... L•.•. w

Equation (9) can be seen to have the same form as eqn (I). The L values appearing here
are the derivative operators (in terms of x and t only) of various powers depending on the
number of terms considered in the Maclaurin series expansion. The subscripts on these
operators refer to the matrix elements linking the field variables at any z to the field variables
at the initial surface z =O. It should be noted that these equations refer to a single layer.

With 1/'• VO and WO as the initial functions at the surface;: =0 and invoking the mid
surface conditions given in eqn (Sa), eqn (9) can be reduced to the final differential equations
for the symmetric case as follows:

L uO+L vO+L WO - 0yu ."" )....-

L...uuo +L.'vt·o + L",,,,wo =O. (lOa)

In a similar way, the antisymmetric mid-surface conditions given in eqn (sb) can be applied
to the general equations (9) to obtain the final differential equations for this case as

Lu..uo+ L....l'o +Lu",wo =0

Lvuuo+L""t·o+L"...wo = 0

L:uuo +L:rvo +L:•. WO =o. (lOb)

The operator functions in eqn (10) now contain only the derivatives with respect to x and
t and are written with;: = H/2. By considering a finite number of tenns in the series
represented by eqn (8) for the field variables, various order theories of the present state
space formulation based on the exact field equations can be obtained. As a definition. a kth
order theory is one in which tenns up to :! are considered. The solutions for the unknowns
in eqn (10) are sought by means of a separation of variables technique. The resulting
characteristic equations can be solved to give the frequencies of vibration.
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NUMERICAL SOLUTION AND DISCUSSION

The exact solution for the free vibration of a thick off-axis lamina has been given by
Jones (1971) for a laminate with finite x-dimension. The boundary conditions at the simply
supported edges are defined as

a .(x, =, t) = 0; tXI'(x, =, 1) = 0 and Ir(x, =, t) = O. (11)

It can be easily verified that these boundary conditions give rise to a consistent set of
boundary condition equations for the order of theory chosen for analysis. The equations
for a. and t{\ are derived from state space equations (9) and the stress-displacement
relations (3). To satisfy the conditions (II), the solutions for III), cl) and Iru can be assumed
in the following form :

Jt

uo(x, t) = L Un cos (nnx! L) e""·'
,,=1

~

l'O(X, t) = L V" cos (nnx! L) e"",'
,,=1

<.

11'0 (x, t) = L Wn sin ("nx!L) e''''·1
n=1

(12)

where UtI, Vn and Wn arc constants and w" is the frequency of vibration. Substitution of
eqn (12) into eqn (10) und setting the determinant to zero gives rise to a churacteristic or
frequency equation which when solved gives the frequencies of natural vibr'ltion.

In the subsequent present'ltion of results, to be consistent with the notations of the
exuct solution by Jones (1971), the thickness ratio is defined to be the ratio of the total
thickness of the hlmina to the length or the span between the supports (till! L). The non
dimensional frequency w· is defined us

• r-~!-f'(';'
w = v pw" I' II

where p and ell refer to the density und stiffness constunt in the principul direction
respectively und the purameter fJ = tin!L. In the following prescntutions. the non
dimensional frequencies arc plotted uguinst the thickness purumeter.

The muterial properties chosen for the laminu ure given in Table I. As can be seen
from this table. the two materials chosen for unulysis represent cases of similar and very
dissimilur properties. The mtios of longitudinal to tmnsverse moduli for the two materiuls
arc 4 und 40. indicating that the material under euse I is kss stilf than the other. The
numerical solutions presented here refer to these two cases. Figures 2a and 2b show the
results of convergence studies for u 15' lumina with material 2 for the l1exural and exten
sional modes respectively. The results from the 4th. 8th, 12th and 16th order theories are
shown for the lowest three fundament~11 frequencies. As can be seen from these figures, an
excellent convergence is achieved for the entire runge of thickness parameters with u 16th
order theory and hence. in all the following numerical calculations, u 16th order theory is
considered.

Figures 3-7 show the variations of the nondimensionul frequencies w· ~lg~linsl lhe
nondimensional thickness puramcter (or the wave number p.lrumetcr) "ff!L for lamina

Table I.

CII C'2 C" C!2 C 2l e .. C.. c" C••

Case I 4.0 0.25 0.25 1.0 0.3 1.0 0.5 0.6 0.6
Case 2 40.0 0.25 0.25 1.0 0.3 1.0 0.5 0.6 0.6
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inclination angles of IS', 30°,45',60° and 75'. Figures 3a-7a represent material system 1
with similar material properties while Figs 3b-7b represent the material system 2 with very
dissimilar material properties of the lamina. The thickness parameter includes both "thin"
plate and very thick plates. The maximum value of the thickness ratio chosen in all the
results is nHjL = 1.8. The results from the classical plate theory are not shown here since
it has already been well established that they are valid only for thin plates characterized by
the ratio nHjL being less than about 0.1. This is especially true of the flexural frequencies
in all the cases. The correlation of the classical plate theory solutions with the exact solutions
is more accurate for a broader range of thickness parameters for the first extensional
frequencies. These and other relevant discussions regarding the applicability of the classical
plate theory are well documented by Jones (1971). The present discussion deals with the
comparisons of the results from the state space approach with those from the exact solution.

The comparisons of nondimensional frequencies from the present approach with those
from the exact solution are shown in Figs 3-7. An excellent correlation can be observed for
the flexural and the first extensional frequencies for all the cases under consideration even
for very thick plates characterized by the ratio nHjL = 1.8. In other words, the present
approach yields results that are acceptable over a broad range of anisotropy of the lamina
as well as broad mnge of wavelengths. A fair comparison for the third frequency for the
various inclination angles can also be observed from these figures. The correlation of the
results from the state space approach with those from the exact solution tends to become
more accurate for the third frequency as the anisotropic angle increases from IS" to 75°.
In general. it can be observed from the results for the first three modes of vibration that
the state space approach gives acceptable results for a wide range of anisotropy angles and
for very high thickness values of the lamina.

From the standpoint of numerical calculations. it is worth mentioning that all the
calculations were run on a personal computer. Simple subroutines for multiplication of
derivative matrices as well as for eliuation solvers h.lve been .Idopted.

Extensio" o/Ihe approad, to a laminale
It is possihle to extend the present formulation to the case of a layered plate with

diflcrent materi.II properties assigned to the layers. Eliuations expressing the basic idea of
the state sp.lce approach, i.e., elins (I) or (9), can now be written for thc case when there
arc" layers. These relationships will be of the form

(13)

wherc {qN} and [LN] are the statc vector and the field matrix, respectively, for the layer n
(for any =in that layer) and [LN-I]" is the transfer matrix for the layer II-I with the

• I

values for =for that layer being substituted by its thickness Hn - 1 and so on up to layer I.
Equations (13) are also valid for the surf~lce =n = H•. With the coordinate axes similar to
the ones shown in Fig. I, the initial plane and the final reference plane for each layer can
be chosen to be the top and bottom surfaces, resp'-'Ctively, of that layer. The free surface
conditions on the initial plane =0 =0 for the top-most layer and the final reference plane
=. = fl. for the bottom-most layer result in a set of differential equations given by eqn (13)
which can be solved for the remaining unknown field variables at the initial plane. It is
important to note that the continuity conditions at their interfaces between layers are
automatically and exactly satisfied because the same principle of transfer matrix is used to
eliminate all the intermediate state vectors of field variables representing those intermediate
layers. The state vector for any layer is then determined by the product of the initial vector
times a chain of transfer matrices of the individual layer times the field matrix of the layer
of interest. In addition. the state space approach as described in this paper can be extended
to study the vibration characteristics of plates with finite dimensions (without plane strain
assumptions) as well as wave propagation problems in composite layered media. These
studies are currently under investigation and will be the subject matters of further research
papers in the future.
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CONCLUSIONS

The state space approach. besides being simple mathematically, has been shown to
have an excellent capability of predicting the natural frequencies of vibration of angle-ply
laminae even with large thicknesses. as well as for laminae with very dissimilar material
properties. The computations can be handled on a personal computer and theories of
various orders can be numerically solved with ease depending on the required accuracy for
the particular problem. The approach gives results which are in very good agreement with
those from the exact solution of three-dimensional elasticity equations for a broad range
of anisotropy angles and a wide range of thickness ratios. The consideration of a large
number of layers in the case of an anisotropic laminate can be easily effected by a series of
transfer matrices and the corresponding multiplications through simple computer routines.

Ackno",ledg('ments-The authors would like to thank Dr. Som Soni of AdTech Systems Research. Inc. and Mr.
Clark Graham of Advan\.'ed Composite Technology, Inc. for supporting the preparation of this paper.

REFERENCES

Chandrashekara. S. (1982). Free vibration analysis of layered plates and composites by a mixed method: state
space approach. Ph.D. Thesis. Georgia Institute of Technology. Atlanta. GA.

Chandrashekara. S. and Chander. R. (1989). Vibration of layered composites by a mixed method of elasticity.
Tran.r. ASME (accepted for publication).

Chandrashekara. S. and Santhosh. U. (1990). Natural frequencies ofcross-ply laminates by state space approach.
J. Sound Vihr. 136(3).413 424.

Faraji. S. and Archer. R. R. (1985). Method of initial functions for thick shclls. I",. J. SfJliflr Slrucl. 21(8).851
863.

Famji. S. and Archer. R. R. (1989). Method of initial functions for thick tmnsversely isotropic shells. Ing"nit'ur
Archil' 60. 1-9.

Hanagud, S. V.. Ch'lOdrashekara. S. ;lOd Chander. R. (1983). A mixed method for laycred isotropic plates. 91h
Canmlian COfllCr('.U of Appli"d Mec/",nif.f. Sask;lloon. C;lOada.

Jiarang. F. ;lOd Jianqiao, Y. (19lJO). EX;lct solutions for axisymmetric vibmtion of laminated circular platcs. J.
Engng M,·ch. 116(4),920927.

Jones. A. T. (1<J70). Ex"ct natuml fre(juencics for cross-ply l'lmin;ltes. J. Compo.•. MaIn. 4. 476491.
Jones. A. T. (1971). Exact mit ural frequencies and modal functions for a thick otf-axis lamin". J. Compos. MaIn.

S.504 5Z0.
Pag"no. N. J. (1978). Stress fields in composite lamin.lles. Inl. J. Solidr Slrucl. 14.385-400.
Reissner. E. and Stavsky. Y. (1961). Ocnding and stretching of certain types of heterogeneous aclotropic clastic

plates. J. Appl. M,'ch. 28. 402 408.
Srinivas. 5.• Rao. C. V. J. and Rail. A. K. (1970). An exact analysis fllr vibmtion of simply supported homogeneous

and laminated thick rectangular plates. J. Sound Vihr. 12. 187-199.
Vlasov. V. Z. and Leontev, U. N. (1966). Beams, plates and shells on el;lstic foundations. NASA TTF-357.
Whitney. J. M. and Leissa, A. W. (1969). An.l1ysis of heterogeneous anisotropic plates. J. Appl. M('('h. 36. 261 ..

266.
Yang. P. c., Norris. C. H. and Stavsky, Y. (1966). Elastic wave propagation in heterogeneous plates. I",. J. Solid.

Slru('/. 2.6656114.


